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Abstract 

We obtain a blow-up theorem for regular submanifolds in the Heisenberg 
group, where intrinsic dilations are used. Main consequence of this result is an 
explicit formula for the density of (p-l-l)-dimensional spherical Hausdorff measure 
restricted to a p-dimensional submanifold with respect to the Riemannian surface 
measure. We explicitly compute this formula in some simple examples and we 
present a lower semicontinuity result for the spherical Hausdorff measure with 
respect to the weak convergence of currents. Another application is the proof of 
an intrinsic coarea formula for vector-valued mappings on the Heisenberg group. 
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1 Introduction 



In recent years, several efforts have been devoted to the project of developing Analysis 
and Geometry in stratified groups and more general Carnot-Caratheodory spaces with 
several monographs and surveys on this subject. Among them we mention jSI, 0) jl^j . 
[TH] . |2n], [2Hj; but this hst could be surely enlarged. 

Our study fits into the recent project of developing Geometric Measure Theory 
in these spaces. Ambient of our investigations is the (2n+l)-dimensional Heisenberg 
group M"", which represents the simplest model of non-Abelian stratified group, [S], j27j . 
Aim of this paper is to present an intrinsic blow-up theorem for submanifolds in the 
geometry of the Heisenberg group along with its applications. The main feature of this 
procedure is the use of natural dilations of the group, namely, a one-parameter family of 
group homomorphisms that are homogeneous with respect to the distance of the group. 
Recall that dilations in H"' are anisotropic, hence they differently act on different 
directions of the submanifold. The foremost directions are the so-called horizontal 
directions, that determine the "sub-Riemannian geometry" of the Heisenberg group: 
at any point x G H" a 2n-dimensional subspace H^W^ C Tj^IHI^""'"^ is given and the 
family of all horizontal spaces H^W^ forms the so-called horizontal subbundle HM"". 
We will defer full definitions to Section |2I 

The blow-up procedure consists in enlarging the submanifold S at some point x € E 
by intrinsic dilations and taking the intersection of the magnified submanifold with a 
bounded set centered at x. We are interested in studying the case when Tx'S ^ li:,M^ , 
namely, x is a transverse point. The effect of rescaling the submanifold at a transverse 
point X can be obtained by considering the behavior of Y(Ay{Bx,r H Y^jr"^^^ as r — s- 0"*", 
that heuristically is 

volp(5^.,r nS) volp(/^(5r(-Bi n S^.,,,)) volp((5r(-Bi n ^ r.sr. N 

-^x = = ^\ ^ "(^^ voip(5i n s^,^). 

Here volp denotes the p-dimensional Riemannian measure restricted to S, the left 
translation : — > H" is given by /^(y) = x ■ the dilation of factor r > 
is 5r '■ — ^ H", the dilated submanifold at x is T,x^r = <^i/r(^x-i^) ^.nd B^^r is 
the open ball of center x and radius r with respect to a fixed homogeneous distance. 
The meaning of a{x) will be clear in the following theorem, that makes rigorous our 
previous consideration and represents our first main result. 

Theorem 1.1 (Blow-up) Let Tj be a p-dimensional submanifold of Q, where Q, 
is an open subset of and let x be a transverse point. Then the following limit holds 

V0lp(S n Bx^r) ^ gg(TS,v(x)) 

A novel object appearing in this limit is the vertical tangent p- vector tj]^\;{x), intro- 
duced in Definition 12.131 Its associated p-dimensional subspace of f}" is a subalgebra 
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whose image through the exponential map represents the blow-up limit of the rescaled 
submanifold T^x^r as r ^ 0^. The p-vector TY,y{x) in higher codimension plays the 
same role that the well known horizontal normal uh plays in codimension one (compare 
for instance with ^H])- The metric factor 0{TY,y{x)), introduced in ^Uj, corresponds 
to the measure of the intersection of Bi with the vertical subspace associated to the 
vertical tangent vector TY,y{x). A first consequence of Theorem 1 1.1 1 is an explicit for- 
mula to compute the (p-l-l)-dimensional spherical Hausdorff measure of p-dimensional 
submanifolds in the Heisenberg group. In fact, thanks to iS^+^-negligibility of 
characteristic points proved in [22], Theorem 11.11 along with standard theorems on 
differentation of measures, immediately give the following result. 

Theorem 1.2 Let p he a homogeneous distance with constant metric factor a > 
and let S"^^ = a ^Sp"*"^ . Then we have 

S^r.\T.)= [ \Tj,yix)\dvolpix). (2) 

Note that in codimension one, the integral formula (jSJ fits into the results of ^H] in 
stratified groups. The connection between these results is shown in Proposition 14. 18l 
There are several examples of homogeneous distances satisfying hypothesis of Theo- 
rem II. 2( as we show in Example 14. HI Proposition 14.51 shows a class of homogeneous 
distances having constant metric factor. Proposition 14. lUl shows how the computation 
of the (p-l-l)-dimensional spherical Hausdorff measure of a submanifold can be easily 
performed in several examples, that will appear in Section^ 

Another consequence of Theorem 11.11 is the validity of an intrinsic coarea formula 
for vector-valued Lipschitz mappings defined on the Heisenberg group. By Sard theo- 
rem and the classical Whitney approximation theorem we can assume that a.e. level 
set is a submanifold of class C^, then we apply representation formula ©• The core 
of the proof stands in the key relation 

which surprisingly connects vertical tangent vector with horizontal jacobian Jnf- 
The proof of © is given in Theorem l3.3l Thus, we can establish the following result. 

Theorem 1.3 (Coarea formula) Let f : A — > M'^ be a Riemannian Lipschitz map, 
where A C H" is a measurable subset and 1 < k < 2n + 1. Let p be a homogeneous 
distance with constant metric factor a > 0. Then for every measurable function u : 
A — > [0, -|-oo] the formula 

u{x) Jnfix) dx = [ if u{y) dS^t\y)] dt (4) 

A JR'' yj/-i(t)nA J 

holds, where p = 2n + \ — k and S^"^ = a Sp~^^ . 
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This coarea formula along with that of [U, which is a particular case, represent 
first examples of intrinsic coarea formulae for vector valued mappings defined on non- 
Abelian Carnot groups. It remains an interesting open question the extension of coarea 
formula to Lipschitz mappings with respect to a homogeneous distance. Only in the 
case of real- valued mappings this problem has been settled in (SOI- This question 
is intimately related to a blow-up theorem of "intrinsicly regular" submanifolds. In 
this connection, we mention a recent work by Franchi, Serapioni and Serra Cassano 
jlUj . where a notion of intrinisic submanifold in H" has been introduced in arbitrary 
codimension. According the their terminology, a fc-codimensional H-regular subman- 
ifold for algebraic reasons must satisfy 1 < k < n. With this restriction it might be 
highly irregular, even unrectifiable in the Euclidean sense, Jl]. Nevertheless they show 
that an area-type formula for its (j)+l)-dimensional spherical Hausdorff measure still 
holds. Here we wish to emphasize the difference in our approach, where we consider 
submanifolds, but with no restriction on their codimension. 

Let us summarize the contents of the present paper. Section [21 recalls some no- 
tions. Section |31 is devoted to the proof of Theorem 11.11 In Section |1] we show the 
validity of Theorem 11.21 along with its applications. Precisely, in Theorem 14.91 we 
show how a suitable rescaling of the spherical Hausdorff measure yields an intrinsic 
surface measure only depending on the sub-Riemannian metric, namely, the restric- 
tion of the Riemannian metric to the horizontal subbundle. In Proposition 14.51 we 
single out a privileged class of homogeneous distances having constant metric factor. 
We present several explicit computations of (p+l)-dimensional spherical Hausdorff 
measure in concrete examples. As another application of Theorem 11.21 we show a 
lower semicontintuity result for the spherical Hausdorff measure with respect to weak 
convergence of regular currents. Section establishes an intrinsic coarea formula for 
vector-valued Riemannian Lipschitz mappings on the Heisenberg group. 

Acknowledgments. I wish to thank Bruno Franchi, Raul Serapioni and Francesco 
Serra Cassano for pleasant discussions on intrinsic surface area in Heisenberg groups. 

2 Some basic notions 

The (2n+l)-dimensional Heisenberg group M"' is a simply connected Lie group whose 
Lie algebra f)" is equipped with a basis {Xi, . . . , X2n, Z) satisfying the bracket relations 

[Xk,Xk+n] = 2Z (5) 

for every k = 1, . . . ,n. We will identify the Lie algebra f)" with the isomorphic Lie 
algebra of left invariant vector fields on H", so that any Xj also denotes a left in- 
variant vector field of H". In the terminology of Differential Geometry, the basis 
{Xi, . . . , X2n, Z) forms a moving frame in H". We will say that (Xi, . . . , X2n, Z) is 
our standard frame. In particular, (Xi, . . . ,X2n) is a horizontal frame and it spans 
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a smooth distribution of 2n-dimensional hyperplanes, called horizontal hyperplanes 
and denoted by HxM"' for every x £ H". The collection of all horizontal hyper- 
planes forms the so called horizontal subbundle, denoted by HM"'. In the sequel, we 
will fix the unique left invariant Riemannian metric g such that the standard frame 
(Xi, X2, . . . , X2n, Z) forms an orthonormal basis at each point. 

Definition 2.1 Every set of left invariant vector fields (Yi,...,l2n) spanning the 
horizontal hyperplane at the unit element of H" will be called horizontal frame. 

Recall that the exponential map exp : f)" — > H" is a diffeomorphism, then it is 
possible to introduce a system of coordinates in all of H" . 

Definition 2.2 (Graded coordinates) Let (Yi, . . . ,Y2n) be a horizontal frame and 
let be a non horizontal left invariant vector field. The frame (Yi, . . . , Y2n, W) defines 
a coordinate chart F : — > H"' given by 

F{y) = exp (y2n+iW + ^ y^Y^ . (6) 
^ i=i ^ 

Coordinates defined by © are called graded coordinates in the case W = Z and 
standard coordinates in the case the standard frame {Xi , . . . , X2n, Z) is used. In general 
we will say that the coordinates are associated to the frame (Yi, . . . , Y2n, W) 

We will assume throughout that a system of standard coordinate is fixed, if not stated 
otherwise. 

Remark 2.3 Note that the horizontal frame (li, . . . ,Y2n) of Definition 12.21 mav not 

satisfy relations Q, where Xi are replaced by Yi. 

The standard frame with respect to standard coordinates reads as follows 

Xk = dx^. — Xk+n dx2n+i 5 ^k+n = c^Xfc+„ + dx2„+i and Z = dx^^+i (7) 
and the group operation is given by the following formula 

X ■ y = ixi+yi,..., X2n + y2n, X2n+1 + y2n+l + '^{xkyk+ n Xk-^-nUk ) • (8) 

A natural family of dilations which respects the group operation (jH)) can be defined as 
follows 

br[x) = {rxi,rx2, . . . , rX2n, r'^X2n+l) (9) 

for every r > 0. In fact, the map Sr ■ H'^ — > H" defined above is a group homomor- 
phism with respect to the operation Q. 
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In contrast with Analysis in Euclidean spaces, where the Euclidean distance is the 
most natural choice, in the Heisenberg group several distances have been introduced 
for different purposes. However, all of them are homogeneous in the following sense. 
If p : H" X — > [0, +00 + [ is a homogeneous distance, then 

1. p is a continuous with respect to the topology of H", 

2. p{xy, xz) = p{y, z) for every x,y,z G H", 

3. p{5ry, Srz) = r p{y, z) for every y,z ^ H" and every r > 0. 

To simplify notations we write p{x,0) = p{x), where denotes either the origin of 
M2"+i or the unit element of M". The open ball of center x and radius r > with 
respect to a homogeneous distance is denoted by Bx,r- The Carnot-Caratheodory 
distance is an important example of homogeneous distance, jllj . However, all of our 
computations hold for a general homogeneous distance, therefore in the sequel p will 
denote a homogeneous distance, if not stated otherwise. Note that the Hausdorff 
dimension of M"' with respect to any homogeneous distance is 2n + 2. Next, we recall 
the notion of Riemannian jacobian. 

Definition 2.4 (Riemannian jacobian) Let / : M — > N heaC^ smooth mapping 
of Riemannian manifolds and let x € M, where M and N have dimension d and k, 
respectively. The Riemannian jacobian of / at x is given by 

Jg/(x) = ||Afc(4f(x))||, (10) 

where Ak{df{x)) : Arf(T^M) — > Afc(Tj(^)A^) is the canonical linear map associated to 
df{x) : TxM — > Tfi^^-^N. The norm of h.k{df{x)) is understood with respect to the 
induced scalar products on Kd{TxM) and Kk{T j f^^-^N) . We recall scalar products of 
J*- vectors in (fT7)l . 

To compute the Riemannian jacobian, we fix two orthonormal bases (Xi, . . . , Xd) and 
{El, . . . , Ejf) of TxM and Tj(^x)^i respectively, and we represent df{x) with respect to 
these bases by the matrix 



'^X,Ef{x) 



{Ei,df{x){X{)) {Ei,df{x){X2)) ... {Ei,df{x){Xd)) 
{E2,df{x){Xi)) {E2,df{x){X2)) ... {E2,df{x)iXd)) 

{Ek,df{x){Xi)) {Ek,df{x){X2)) ... {Ek,df{x){Xd)) 



:ii) 



Then the jacobian of the matrix V x,Ef{x) coincides with Jgf{x). In the sequel, it 
will be useful to fix the following notation to indicate minors of a matrix. 

Definition 2.5 Let G be an m x n matrix with m < n. We denote by Gi-^i^,,,i^ the 
m X m submatrix with columns (ii, ^2, . . . , im)- We define the minor 

M,,,,...,„(G)=det(Q,,,..,„). (12) 
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Definition 2.6 (Horizontal jacobian) Let Q be an open subset of H" and let x G 

fi. The horizontal jacobian of a mapping / : Q, — > M'"' at x is given by 



Jnfix) = \\^kidf{x)\H^Mn 
where Ak{df{x)iH,j^n) : Afe(iJ^M") — ^ Ajfc( 



(13) 



Prom definition of horizontal jacobian, it follows that it only depends on the restriction 
of g to the horizontal subbundle, namely, from the "sub-Riemannian metric". Let us 
consider a horizontal frame (Yi, 1^2, • • • , Y2n), hence Jufix) is given by the jacobian of 



Yif\x) Y2fHx) 
Yrf\x) Y2p{x) 

Yifix) Y2fHx) 
As a consequence, we have the formula 



Y2nfHx) 
Y2nf{x) 

Y2nfHx) 



(14) 



Jnfix) = [Mi,i,...i,{VYf{x))f 

y l<n<i2— <«fc<2n 



(15) 



Proposition 2.7 Let {Yi,Y2-, ■ ■ ■ ■,Y2n,W) he an orthonormal frame with respect to a 
left invariant metric h and let F : M^""^-*^ — ^ define coordinates with respect to 
this frame. Then we have F^jC?'^'^^ = vol2n+i; where vol2n+i denotes the Riemannian 
volume measure with respect to the metric h. 

Proof. Let ^ be a measurable set of R^"+^. By classical area formula and taking 
into account the left invariance of both volp and F^C'^"''^^ we have 



C''^+\A)=YOhn+l{F{A))= f JhF{x)dx 

J A 



for some constant c > 0. Then £^ J^F = c for any measurable A. By continuity of 
X — > JhF{x) we obtain that JhF{x) = c for any x G R'^. We have F = expoL, with 

2n 

L{y) = y2n+iW + Vj Yj 

i=l 

and {Yi,Y2, . . . ,Y2n,W) is orthonormal. Since the map dF{0) = dexp{0)oL = L has 
jacobian equal to one, then c = 1 and the thesis follows. □ 

Remark 2.8 By previous proposition, the volume measure of a measurable subset A 
of H" corresponds to the {2n + l)-dimensional Lebesgue measure of the same subset 
read with respect to coordinates associated to an orthonormal frame. Here the volume 
measure is defined by the same left invariant metric. 
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Recall that iF^fi)iA) = fi{F~^{A)), where /i is a measure defined on the domain of F 
and A is a measurable set defined on the codomain of F. The d-dimensional spherical 
Hausdorff measure S"^ is defined as 

S^{A) = sup inf \ V diam(£;j)'^ M ^ M Ej,diam{Ej) < e} , (16) 
i.=i J 

where the diameter is considered with respect to a homogeneous distance p of 
and we do not consider any dimensional factor. The /c-dimensional Hausdorff measure 
built with respect to the Riemannian distance is denoted by volfc and it corresponds 
to the classical Riemannian volume measure with respect to the graded metric g, see 
for instance 3.2.46 of t5^. 

Definition 2.9 (Horizontal p-vectors) For each x € H", we say that any linear 
combination of wedge products Xj^(x) A Xj^{x) A • • • Xjp{x), where 1 < < 2n and 
j = 1, . . . , 2n, is a horizontal p-vector. The space of horizontal p- vectors is denoted by 
Ap(F,EI"). 

Definition 2.10 (Vertical p- vectors) For each x G H", we say that any linear com- 
bination of wedge products Xj^(x) A Xj^{x) A • • •Xjp_-^(x) A Z{x), where 1 < js < 2n 
and j = 1, . . . , 2n, is a vertical p-vector. The space of vertical p-vectors is denoted by 

For every couple of simple p-vectors vi A ■ ■ ■ A Vp, wi A ■ ■ ■ A vup G Ap{Tri;W^), we define 
the scalar product induced by the left invariant Riemannian metric g on T^M^ as 

{vi A ■ ■ ■ Avp,wi A ■ ■ ■ Awp) = det {{g{x){vi,Wj)) , (17) 

see for instance 1.7.5 of 5 for more details. This allows us to regard the space of 
vertical p-vectors Vp{TxW^) as the orthogonal complement of the horizontal subspace 
Ap{HxW^). We have the orthogonal decomposition 

Ap(T,EI") = ApiH^W) e VpiT^W), (18) 

which generalizes the case p = 1, corresponding to T^.H" = HxW^ © {Z{x)). 

Definition 2.11 (Vertical projection) Let x G M" and let ^ € Ap(T^IH"). The 
orthogonal decomposition C = Ch + associated to (fTK|) uniquely defines the vertical 
p-vector G Vp{TxM^). We say that is the vertical projection of ^ and that 
the mapping vry : Ap(TxW^) — > VpiTxM^), which associates to ^, is the vertical 
projection. 

We have omitted x in the definition of vertical projection vrv- 
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Definition 2.12 (Characteristic points and transverse points) Let S C be 

a C"*^ submanifold and let x € S. We say that x G S is a characteristic point if 
Tx'S C HxM"' and that it is a transverse point otherwise. The characteristic set of S 
is the subset of ah characteristic points and it is denoted by 

Recah that a tangent p-vector to a p-dimensional submanifold S of class at x € S is 
defined by the wedge product At2 A • • • Atp, where (ii, . . . , ip) is an orthonormal basis 
of Ta;S. We denote this simple p-vector by rs(x). Notice that the tangent p-vector 
(which belongs to a one-dimensional space) cannot be continuously defined on all of 
E, unless the submanifold is oriented. 

Definition 2.13 (Vertical tangent p-vector) Let S C be a p-dimensional sub- 
manifold of class and let x € S. A vertical tangent p-vector to S at x is defined by 
7rv(rs), where is a tangent p-vector and vry is the vertical projection. The vertical 
tangent p-vector will be denoted by TY:y{x). 

3 Blow-up at transverse points 

This section is devoted to the proof of Theorem ll.il In the following proposition, we 
give a simple characterization of characteristic points using vertical tangent p- vectors. 

Proposition 3.1 Let T, C Q be a submanifold of class and let x € S. Then 
X G C(S) if and only if T^^y^x) = 0. 

Proof. Let x € S and let (ti,t2j ■ ■ ■ ,tp) be an orthonormal basis of T^T,. We have 
the unique decomposition tj = Vj + Z, where Vj G HxW^ for every j = 1, . . . ,p. It 
follows that 

T = ti At2 A ■ ■ ■ Atp 

= {Vi + 7iZ) A {V2 + 72^) A---A{Vp + jpZ) 

p 

= Vi A V2 A • • • A ^ 7j 14 A V'2 A • • • Vj-i AZ A Vj+i A-- - AVp. 
i=i 

Assume that x ^ C'(S). If Vi, V2, . . . , are linearly dependent, then we get 

p 

ii A t2 A • • • A tp = ^ 7j Fi A 1^2 A • • • Vj-i AZ A Vj+i A-- - AVp. 
i=i 

As a result, 7rv(T) = r hence it is not vanishing. If Vi, ■ ■ ■ ,Vp are linearly independent, 
then all wedge products of the form 

A F2 A • • • Vj-i AZ A Vj+i A--- AVp (19) 
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are non- vanishing for every j = 1, . . . ,p. The fact that x is transverse imphes that 
there exists ^ 0, then the projection 

p 

7rv(r) = ^ 7j A ^2 A • • • Vj-i AZ A Vj+i A--- AVp (20) 

i=i 

is non-vanishing. Conversely, if it\;{t) 7^ 0, then (pn|l yields some 7^^ / 0, therefore 

Proposition 3.2 Lei / : — > M'^ he of class , with surjective differential at each 
point ofQ. Let S denote the submanifold /^^(O) of Q and let x G S. Then x G C(S) 
if and only if df{x)^jj^^n is not surjective. 

Proof. We first notice that Ker (df{x)\H^m"^ = n H^M^, then we have 

dimiH^m'' n T,E) = 2n - dim (im {df{x)\H^a^)) ■ (21) 



This last formula allows us to get our claim as follows. Assume that x € C(S). Then 
C Hxir- and (EU) gives 

2n + 1 — A; = 2n — dim ( Im {df{x)ijj^ji 



From this equation we conclude that df{x)\j{^^n is not surjective. Conversely, if 
dfix)\HxM" is not surjective, then (PT|) implies 

dim{HxW n T^S) > 2n - A; + 1 = dim{TxT.) 

therefore T^jS C F^HI", namely, x G C(S). □ 

Theorem 3.3 Let f : Q — > R'^ be of class , with surjective differential at each 
point of Q.. Let S denote the submanifold f~^{0) of Q, and let x G S. Then we have 

Proof. Left invariance of Riemannian metric allows us to consider the left translated 
submanifold Replacing / with f ol^ and with Z^-if^ we can assume that x is 

the unit element of H". Recall that Ix '■ — > H" is the left translation lx{y) = x-y. 
If X G C(S), then Proposition 13.11 and Proposition 13.21 make (|22|) the trivial identity 
= 0. Assume that x G S \ C(S). Then Proposition 13.21 implies that the horizotal 
gradients 

Vi^r = (Xir(0),X2r(0),...,X2„r(0)) for i = l,2,...,A; 
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span a /c-dimensional space of ^ 



p2n 



Let ci , C2 , . . . , Cfc G M be orthogonal unit vectors 



generating this vector space and choose Ck+i, • • • , C2n G 1^^" such that (ci, C2, . . . , C2n) 
is an orthonormal basis of M^*^. These vectors ahow us to define a new horizontal 
frame 



2n 



Yj = ^Cj Xk for every j = 1, . . . , 2n. 



(23) 



k=l 



We denote by C the 2n x 2n orthogonal matrix whose i-th column corresponds to the 
vector Ci, then by our choice of vectors cj, we obtain Vyfix) = V xf{x) C and 



Vy/(:r)C 



(Vh/\ci) (V^^/1,C2) 
(VH/^Cl) (Vj^/2,C2) 

(VH/^cl) (VH/^C2) 



(VH/\cfc) 

(VH/^cfc) 

: 

(V^^/^Cfe) 



(24) 



where the symbol (, ) denotes the standard scalar product of M^". Let us consider 
F : M^"+^ — > W^, defining graded coordinates (yi, . . . , y2n+i) associated to the frame 
(Yi, . . . , l2n) Z), according to Definition l2.2l Then the differential of / at with respect 
to (yi, . . . , y2n+i) can be represented by the matrix 



(25) 





r 4\(o) 






• 


• 




v,/(o) = 




flM ■ 


■ fL(^) 


• 


• 










• 


• 










■ fvM 


• 


• 





It follows that 



4.(o) = (VHr,c,) 



for every i, j = 1, . . . , 2n. The implicit function theorem gives us a map Lp : A 
M*^ such that A C is an open neighbourhood of the origin and 



fi^^iy), ■ ■ ■ ,v^{y),yk+i, ■ ■ • ,y2n+i) = o 

for every y = {yu+i, ■ ■ ■ , y2n+i) £ A. Then we define the mapping 

^(y) = {v^{y),---,'p''{y),yk+i,---,y2n+i), 

so that differentiating (|26j) we get 



(26) 



A 



[>2n+l 



as 



= dyAf 



(27) 



(28) 



1=1 
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for every i = 1, . . . ,k and j = /c + 1, . . . , 2n + 1. Equations H28() can be more concisely 
written in matrix form as follows 



-fyj, 



(29) 



where z = (yi, . . . , y^), the k x k matrix V^/ has coefficients 7*^, where i,l = 1, . . . ,k 
and J = A;+l, . . . , 2n+l. In order to achieve a more explicit formula for the differential 
of the implicit map, we explicitly write the inverse matrix of V^/ as 



1 



Mi2...fe(V,/) 



CuiVJ) C2i(V,/) ••• CkiiVJ) 
CuiVJ) C22(V,/) ••• Cfci(V,/) 



where CijiV zf) denotes the cofactor of V^/, which is equal to (—1)*+-^ det(Dij/) and 
Dijf is the {k — 1) x [k — 1) square matrix obtained by removing the i-th row and the 
j-th column from V^/. In view of ()29() we have 



1 



EtiC^.2(v,/)/, 



An elementary formula for computing the determinant of a matrix implies 
k 



Y^CisiyzDfy^ = Mi2...s-i,s+i...fc(V,/) 



i=l 



for every j = + 1, . . . , 2n + 1. As a consequence, we get 

-^12---s-li s+l---fc(Vj//) 



Mi...kiVzf) 



(30) 



Note that Mi...k{'V zf) corresponds to the determinant of the matrix Vz/- As a con- 
sequece of (|3U|) and of (|25|) . we conclude that 



<.(o) = o 
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for every j = k + 1, 
formula 



, 2n. Previous considerations and expression (|27|) lead us to the 








1 












1 



v^L+i(o) 








(31) 



1 : 
1 

where Vy(/>(0) is a (2n + 1) x p matrix whose p x p lower block is the identity matrix. 
Notice that columns of (|^T|) represent a basis of the tangent space TqT, with respect 
to coordinates {uk+i, ■ ■ ■ ,y2n+i)- More precisely, the set of vectors 

^ ^(o) + E-=i^.^,(o) 



n+i(o),yfc+2(o),...,y2n(o), 



V 



1 + eU 



1/2 



form an orthonormal basis of TqT,, where we have defined Vj = '/'y2n+i(0)- Then the 
tangent p-vector rs to S at is given by the wedge product 



rE(0) 



n+i(0) A n+2(0) A • • • A y2n(0) A (Z(0) + E •=! V, IS-(O)) 



, \ 1/2 



Obviously, p- vectors 1^4.1(0) A 1^+2(0) A • • • A l2n(0) A Yj{0) are horizontal, hence they 
disappear in the vertical projection. It follows that 

( (n\\ n+i(0 ) A yfc+2(0) A • • • A Y^njO) A ZjO) 
therefore we clearly obtain 



1/2 



|rs,v(0)| = U + Y.'^t 



'1/2 



(32) 



1=1 



Due to formula ()3UI) in the case j = 2n + 1 and to (|25() . we obtain 

, , ^ 2 _ (Mi...fe(V,/))^ + (Mi2....-12n+l.+l...fc(V,/))' _ / Jg/(0) y 

(M,..,(v./))^ Uh/(o); ' 
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then ()32() shows the valdity of ()22|) in the case x 
metric g leads us to the conclusion. □ 



0. Left invariance of the Riemannian 



Definition 3.4 (Metric factor) Let r be a vertical simple p-vector of Ap(f)") and 
let £(r) be the unique associated subspace, with L = exp>C(r). The metric factor of 
a homogeneous distance p with respect to r is defined by 

0^(r) = Hf| {F-\LnB,)), 

where F : M^"+^ — > defines a system of graded coordinates, TYj^j denotes the 
p-dimensional Hausdorff measure with respect to the Euclidean distance of R^""^^ and 
Bi is the unit ball of H" with respect to the distance p. Recall that the subspace 
associated to a simple p- vector r is defined as {u G f)" | t> A r = 0}. 

Remark 3.5 In the case of subspaces C of codimension one, the notion of metric 
factor fits into the one introduced in ^21- It is easy to observe that the notion of 
metric factor does not depend on the system of coordinates we are using. In fact, 
Ff ^ o F2 : M2"+^ — > M2"+^ is an Euchdean isometry whenever Fi,F2 : M2"+^ — > 
jjn rgpi-ggent systems of graded coordinates with respect to the same left invariant 
Riemannian metric. 

Proof of Theorem li.il As in the proof of Theorem 13. 3( left invariance of the Rieman- 
nian metric g allows us to assume that x = 0. For rg > sufficiently small, we can 
suppose the existence of a function / : Br^ — > M.^ such that S n Br^ = /~^(0) and 
whose differential is surjective at every point of i?,.o- By ProDosition l3.21 the horizontal 
gradients 



VHf' = iXif\0),X2f\0),...,X2nf\0)) for i = l,2, 



span a fc-dimensional space of M?"'. Now, repeating the argument in the proof of 
Theorem 13.31 we define the system of graded coordinates (yi, . . . , y2n+i) associated to 

The differential of / at can 



the frame (Yi, . . . , Y2n, Z), where Yj are given by ((Z 
be represented by the matrix 



V,/(0) 



/.\(o) 4(0) 



4(0) 
4(0) 



4(0) 4(0) ••• 4(0) 



iy2 



Vk * 



fL.M 

fL.Ao) 

: 

4„.i(o) 



(33) 



whose first k columns are linearly independent. By the implicit function theorem ther 
eexists a mapping ip : A — > M'^ such that A C is an open neighbourhood of the 
origin and 



fiv^iy), ■ ■ ■ ,^''{y),yk+i, • • • ,y2n+i) = o 



(34) 
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for every y = (uk+i, ■ ■ ■ ,y2n+i) G ^- Proceeding as in the proof of Theorem 13.31 we 
define the mapping (p : A — > M^"+^ as 



and by the same computations, differentiating ()34() we obtain 



(35) 








1 
















1 







^^^.+1(0) 





^^^+.(0) 



1 










(36) 



where Vjy0(O) is a (2n+l) xp matrix whose pxp lower block is the identity matrix. For 
each r < ro, write the ball in terms of graded coordinates defining B,. = F~^{Br) C 
]^2n+i^ The surface S read in graded coordinates can be seen as the image of (j). Then 
we have established 



volp(S n Br) 



-i-p 



Jg4>{y)dy- 



The dilation 5r restricted to coordinates {yi, . . . ,y2n+i) gives 

S^y = §r{iyk+i, ■ ■ ■,y2n+i)) = {ryk+i,ryk+2, ■ ■ ■ ,ry2n,r'^y2n+i) 
therefore, performing a change of variable in ()37|) we get 

Jg4'{Sry)dy. 



■vo\p{T, n Bx,r) 



<5i/,,(<^-i(B,)) 



(37) 



(38) 



(39) 



The set 5i /^(^-^(-B,.)) can be written as follows 



{5i,rO(l,o6r)-\Bi) = \y(^W 



From expressions and (|55|l one easily gets that 

hm ^^=0 
r^0+ r 



• • ■,y2n+i ] ^ Bi \ .(40) 



(41) 



15 



for every j = 1, . . . ,k. As a result, the limit 

~" ^^inn as r ^ 0+ (42) 
holds a.e. in M^, where we have defined 

n = {(0, . . . ,0,yfc+i, . . . ,y2n+i) e M^'^+i \ yj eR,j = k + l,...,2n + l} . 
From (1311), we conclude that 



volp(S n^x,.; ^ ^^Q) n ^0. (43) 

+0+ fP^i- 



To compute Jg(j){0), we use both the canonical form of the tangent space TqS given 
by (jSnj and the fact that our frame (Yi, . . . , Y2n, Z) is orthonormal. Thus, according 
to Definition 12 .41 the Riemannian jacobian of (j) at zero is given by 



J,0(O) = 1 + , 



1/2 

(44) 



where we have defined Vj = </^y2n+i(0) fo'^ every j = 1,... , 2n. Again, following the 
same steps of the proof of Theorem 13.31 we get 



Then ^ yields 



|rE,v(0)| = (l + ^^?)''^' = (J,<^(0))-\ 



^^0+ rP+1 ks,v(0)| ■ 



The subspace £(ts^v(3;)) associated to the p- vector TY,y{x) satisfies the relation 

exp (£(rs,v(x))) = F{Ii) 

therefore the metric factor of p with respect to rs,v(a^) is Wijl H i?i). This fact along 
with (|45() implies the validity of and ends the proof. □ 



4 Spherical HausdorfF measure of submanifolds 

This section deals with various applications of Theorem 11.21 A key result to obtain 
this theorem is the 5'^~'^-negligibility of characteristic points of a fc-codimensional 
submanifold of a Carnot group of Hausdorff dimension Q, see |22| . This result in the 
case of Heisenberg groups reads as follows. 
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Theorem 4.1 Let C 0, be a C submanifold of dimension p. Then the set of 
characteristic points C{T,) is S^^^ -negligible. 

Remark 4.2 In order to apply the negligibility result of I22j one has to check that the 
notion of characteristic point in arbitrary stratified groups coincides with our definition 
stated in the Heisenberg group. According to a point j; G S is characteristic if 

dim (i?aIHI") - dim n H^IT) < k - 1. (46) 

If X is characteristic according to Definition 12.121 then 

dim n i^xlH") = p = 2n + l-k 

and (|46j) holds. Conversely, if (|46|) holds, then 

p = dim{T^J:) = 2n - A: + 1 < dim {T^T. D H^IT'), 

hence T^E C F^M". 

Corollary 4.3 Let C be a submanifold of dimension p. Then we have 

[ 9{tj:,v{x)) dSP+Hx) = [ \rj:,v{x)\dvolj,{x) (47) 
Jt. Jt. 

Proof. We apply Theorem 2.10.17(2) and Theorem 2.10.18(1) of 0, hence from limit 
(|H) and Theorem 14. II the proof follows by a standard argument. □ 

Remark 4.4 Proof of Theorem 11.21 immediately follows from (|47|) . 

Next, we present a class of homogeneous distances in the Heisenberg group which pos- 
sess constant metric factor. The standard system of graded coordinates F : M^""'"^ — > 
H"' induced by {Xi, . . . , X2n, Z) will be understood in the sequel. To simplify notation 
we win write x = F{x, X2n+i) G H", with x = (xi, . . . , X2n) S M^". 

Proposition 4.5 Let F : — > H" define standard coordintates and let p be 
a homogeneous distance o/ H" such that p(0,F{-)) : — > M only depends on 
i\x\,X2n+i)- Then Op^r) = 9p{f) whenever r, f are vertical simple p-vectors. 

Proof. Let r = C/i A • • • A Up-i A Z and f = l^i A • • • A Wp-i A Z he vertical 
simple p-vectors, where it is not restrictive assuming that both {Ui, ■ ■ ■ , Up-i, Z) and 
{Wi, . . . , Wp^i, Z) are orthonormal systems of f)^""*"^. Then we easily find an isometry 
J . [^2n+i — ^ f^2n+i g^^^ ^j^^^ J{C{t)) = C{f) and J{Z) = Z. Recah that our graded 
coordinates are defined by -F = expoZ, where I : M^*^"^^ — > f|2n+i jg isometry such 
that 

2n 

I{xi, ... , X2n+l) = X2n+1 Z + '^Xj Xj 



17 



for every (xi, 



t.2n+l 



where (p = J-^o Jol : M2n+i 



Thus, defining Bi = F-^{Bi) C M^n+i^ ^e have 

j-i o j(/:(r)) n ^1 = ^{i-\c{t))) n , (48) 

—f M2"+^ is an Euchdean isometry such that ^p{e2n+i) = 
e2n+i and e2n+i is the (2n+l)-th vector of the canonical basis of M^""*"^. Then \x\ = \y\ 
whenever ip{x, t) = {y, t). As a result, the fact that p(0, F{x, t)) only depends on 
easily implies that ^p{Bi) = Bi. Thus, due to H48() . it follows that 

e^^ir) = nl^{i'\c{T)) n ^0 = nl^{^{i-\c{T))) n ^0 = e^^{f). (49) 

This ends the proof. □ 

Example 4.6 An example of homogeneous distance satisfying hypotheses of Propo- 
sition lXKl is the gauge distance, also called Koranyi distance, The gauge distance 
from X to the origin is given by 

d{x,0) 

where x = {x,X2n+i)- Then we define d{x,y) = d{0,x~^y), for any x,y & H". Ano- 
ther example of homogeneous distance with this property is the "maximum distance" , 
defined by 

doo(a;,0) = max||x|, |a;2„+i|^/^| . 

Due to Proposition 14.51 both of these distances have constant metric factor. 

Remark 4.7 The metric factor depends on the Riemannian metric g we have fixed. 
Furthermore, if we divide it by the volume of the unit ball Bi (or any other fixed subset 
of positive measure), then we obtain a number only depending on the restriction of 
the Riemannian metric to HW^. 

Lemma 4.8 Let g he a left invariant Riemannian metric such that g\HW^ = 9\Hm^- 



\xt + lQxl^^,f\ 



Then e^{T)/Yo\p{Bi 



'(r)/volp(i?i) for any simple vertical p-vector, where vol^ 



and Op^r) are defined with respect to the metric g. 



Proof. By hypothesis, we can choose an orthonormal frame (Xi, X2, . . . , A'2n, VF) 
with respect to g, where W = \Z + J^^^i cijXj and A / 0. Let F, F : M^n+i — , jj" 
represent system of coordinates with respect to the standard basis {Xi , X2 , . . . , A'2n , Z) 
and {Xi,X2, . . . , X2n, W), respectively. We have F = F o T, where T 
]^27i+i -g giyg]^ )-,y ii^Q matrix 



p2n+l 



A 




1 









1 




ai 

0-2 

as 



0-2n 

X 



(50) 
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By Proposition 12.71 it follows that 



voir, = F*C 



2n+l 



|detAriF«/:2«+i = lAr^voL. 



(51) 



Let r = C/i A • • • A C/p_i A Z, where it is not restrictive to assume that the horizontal 
vectors C/i, . . . , Up-i are orthonormal with respect to both g and g. We denote by C 
the subspace span{C/i, . . . , ?7p_i, Z} of t)". Recall that 



ep{T) = wf|(F-i(exp(/:) n b^)) = hJ:, (r-i(F-i(exp(£) n Si))) 



(52) 



Now we wish to determine a basis of the subspace F ^ (exp(£) C 



ii2n+l 



. The relations 



"^^jLi c^i Xj give rise to p — I orthonormal vectors ci, . . . , Cp_i G 



p2n 



respect to the Euclidean scalar product such that 

span{ci, . . . , Cp_i, ean+i} = F'^ (exp {£)) C M^^+i. 



X {0} with 



(53) 



In order to compute the Euclidean jacobian of T ^ restricted to the p-dimensional 
subspace spanjci, . . . , Cp_i, e2n+i} C R^"+^ we write the matrix 



A- 



1 
1 



••• 







1 









■•• 

1 







-A ^ai 
-A-ia2 

A-1 



(54) 



. ,p - 1 and T ^(e2n+i) 



= A ^ e2n+i- As a 
is lAI"-*^, hence 



noting that T ^Cj = cj for every j = 1, 
result, the jacobian of {T~^)^ : spanjci, 

^p^(r) = Hf| (r-i(F-i(exp(£)nSi))) 

= \Xr' ?ij:|((F~i(exp(£)ni3i)) = |A|-i0^(r). 

Joining (|51j) and the previous equalities, our claim follows. □. 

Theorem 4.9 Let T, be a p- dimensional submanifold of Q and let g a left invariant 
metric such that g^nm^ = 9\Hm"- Then 



1 



volp(i?i) 



\rsyix)\dvolp{x) 



.]rj ^ I \Tl^,v{x)\dwo\p{x) 

volp(Bi) Jy. 



(55) 



The previous theorem is an immediate conseqauence of Corollarv 14.31 and Lemma 14.81 
Next, we apply (O to compute the spherical Hausdorff measure of some submanifolds. 
We will use the following proposition. 
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Proposition 4.10 Let (p '■ U — > M.'^^^^ be a embedding, where U C W is a 
bounded open set. Let F : M^*^"^-^ — > EI" define standard coordinates and set ^ = 
F o (j) : U — > H", where S = ^{U). Let p be a homogeneous distance with constant 
metric factor a > 0. Then we have 



S'^V{^)= 7rv($„,(n) A$„,(n) A--- A$„^(u)) dTX, (56) 
Ju 

for every measurable set A C H", where the norm \ • \ is induced by the scalar product 
l [j?| ) on p-vectors. 

Proof. By definition of Riemannian volume, formula © can be written with respect 
to (h as 



S^t\^) = HA<Piu))\ ^det [gi<p{u)){^uAu),'^u,in))] du , (57) 
where we have 

I (u) A (n) A • • • A <S>u, (u) \ = ^det [5($(u))(^>„^(n), (u))] . (58) 
Therefore, taking into account the formula 

= |$.,(n) A <!>„,(.) A... A $„,(.)! ' ^''^ 

the definition of vertical tangent p- vector 7rv(Ts) = r^^y and joining (|F7|) . and 
(|^. formula ^ follows. □ 

Example 4.11 Let (f) : — > M^ defined by </)(«) = {ui,U2,U3,0, "i+"J+"' ). The 
mapping parametrizes a 3-dimensional paraboloid S = $(f7) of R^, where U is an 
open bounded set of M'^, <I> = Focf) and F : — > represents standard coordinates, 
according to Definition 12.21 Using expressions Q, we have 

(t>u,{u) = Xi(0(n)) + (Mu) + ni)r(0(n)) , 
(u) = l2(0(n)) + (04 (n) + n2)T(0(n)) , 
0„3(u) = X3{<P{u)) + (U3 - </.i(n))T(0(n)) . 

Observing that for every j = 1, . . . ,2n, we have 

dF{(l){u))Xj{(l){u)) = Xj{<^{u)) e and 

dF{(t>{u))Z{4>{u)) = Z{<i>{u)) e T$(„)]H" , 
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hence we obtain 

<^uAu)=MHu)) + iu3 + ui)Tmu)), «>„,(n) =X2($(n))+n2T($(n)), 
<^uAu) = Xsmu)) + {u3 - ui)Tmu)) . 

Thus, we can compute 

= {U3 - ni) Xi A X2 A T - U2X1 A X3 AT + {U3 + ui) X2 A X3 AT , 
hence formula H56|) yields 

= ^ ^ul + 2{ul + uj) du . 

Example 4.12 Let </> : M? — > M'^, (p{ui, U2) = (oiui, a2ti2, bui + CU2), define a hyper- 
plane in M^, where ai,a2,b,c G M and (Jc/)) = afal + afc^ + 036^ > 0. Embedding 
the hyperplane in through standard coordinates F : — > H^, we obtain 

= aiXi($(n)) + (aia2U2 + 6)T($(u)) , 
= a2X2(^>(n)) + (c - aia2Ui)T(^>(n)) , 

where ^ = F o (p. Then we get 

T^v{^ui{u) A ^U2{u)) = ai(c - aia2Ui)Xi AT- {aia2U2 + 6)02^2 A T 

and formula (|56|) yields 

5|j[i(n) = J al{c - aia2Ui)^ + al{aia2U2 + 6)^ dn, (60) 

where 11 = $(C/) and J7 is an open bounded set of M^. 

Example 4.13 Let (p : M? — > M^, (/>(«!, M2) = iui,U2, "^^"^ ), define a paraboloid in 
M^. By standard coordinates F : — > and arguing as in the previous examples, 
we have 

$„,(u) = Xi($(n)) + {U2 + ni)r($(u)) and 
= X2($(n)) + (^X2 - ui)T{^{u)) , 
where ^ = F o (j). It follows that 

7rv($«i (-u) A ^U2{u)) = {U2 - ui)Xi AT-{U2 + u{)X2 A T 
and formula H56() yields 

5-^1 (P) = j ^2ul + 2ul du (61) 
where V = $(f7) and C/ is an open bounded set of M^. 
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Remark 4.14 It is curious to notice that the density of restricted to the paraboloid 
V, computed in (|6T|) . is proportional to the density of S^-i restricted to the horizontal 
projection of V onto the plane X2, a^s) | X3 = 0}) C H^, whose density is given 

by (|6U() in the case ai = 02 = 1 and & = c = 0. 

Example 4.15 From computations of Example I4.12[ one can get the 2-dimensional 
spherical Hausdorff measure of the line <^(t) = F{at, 0, bt) defined on an interval [a, /?]. 
We have 

^'{t) = aXi{^{t)) + hT{^{t)) and ^v($'(i)) = bT{^{t)) , (62) 

then defining the submanifold C = <^([a,/3]), the formula 5^i(£) = |6| (/? — a) holds. 

Another consequence of © is the lower semicontinuity of the spherical Hausdorff 
measure with respect to weak convergence of regular currents. To see this, it suffices 
to establish the following formula 

5^t^(S) = sup / (te^v, dvolp , (63) 



where J-c{^) is the space of smooth p-forms with compact support in Vl with \lo\ < 1. 
The norm of uj is defined making the standard frame of p- forms {dxi,dx2, ■ ■ ■ , dx2n, d) 
orthonormal and extending this scalar product to p-forms exactly as we have seen in 
formula (fT7|l . The 1-form 9 is the so called contact form 

n 

6 = dx2n+l + ^ Xj+n dXj - Xj dXj^n (64) 

i=i 

written in standard coordinates. Note that {dxi, dx2, ■ ■ ■ , dx2n, Q) is the dual basis of 
{Xi , . . . , X2n , Z) . Formula (|63|) follows from (jSJ observing that 

/ \tj:,v\ dvolp = sup / (rs^v, w) dvolj, , (65) 

as one can check by standard arguments. As a consequence of these observations, we 
can establish the following proposition. 

Proposition 4.16 Let (S^) be a sequence of submanifolds of Q which weakly 
converges in the sense of currents to the submanifold S. Then 

liminf S^t\^m) > S^t\^). (66) 
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Proof. By hypothesis 

/ (t-s„,v,w) dvolp — > / {Tsy,uj)dvolp, (67) 
for every u G !Fc{^)- Then 1)63^ ends the proof. □ 

Remark 4.17 It is clear the importance of (|66j) in studying versions of the Plateau 
problem with respect to the geometry of Heisenberg groups. 

Recall that the horizontal normal is the orthogonal projection of the normal to u{x) 
to TxTj onto the horizontal subspace Hx"^^- In the next proposition we show that in 
codimension one an explicit relationship can be established between vertical tangent 
2n- vector and horizontal normal vh- 

Proposition 4.18 Let T, be a 2n- dimensional submanifold of class and let vh{x) 
a horizontal normal at x G T,. Then we have 

where vh = Z]j=i -^3 "'^'^ ''"s.v = Z]j=i ''"s.v ^j-i ^ ^j+i A Z. In 

particular, the equality \Tj]y \ = {i'hI holds. 

Proof Let {ti,t2, ■ ■ ■ ,i2n) be an orthonormal basis of T^T,, where x is a transverse 
point. Then 

2n 



i=l 

where C = (c* ) is a (2n + 1) x 2n matrix, whose columns are orthonormal vectors of 

2n+l 

r2(x) = ti A t2 A • • • A t2n = ^ det(C ^) Xi A X2 A • • • A Xj^i A Xj+i A • • • A Z , 

3=1 

^ 3 

where C is the 2n x 2n matrix obtained by removing the j-th row from C. The 
vertical projection yields 

2n 

T^,v{x) = TTvMx)) = det(C ^) Xi A X2 A • • • A Xj^i A Xj+i A • • • A Z (68) 

3=1 

and by elementary linear algebra one can deduce that 

2n+l 

{-ly det(C^) 4 = det [ C Cfc ] = (69) 
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for every k = 1, . . . ,2n. Then the vector 

2n 



u = J2(-^y det(C ^) Xj + det(C ) Z 



yields a unit normal to S at x. Its horizontal projection is 

2n 

z.H = ^(-lFdet(C')X,. (70) 
i=i 

Formulae (|H5|) and (jTO)) yield the thesis. □ 

5 Coarea formula 

This section is devoted to the proof of Theorem I I.ISL Next, we recall the Riemannian 
coarea formula, see Section 13.4 of 

Theorem 5.1 Let f : — > M.^ be a Riemannian Lipschitz function, with 1 < k < 
2n + 1. Then for any summable map u : H" — M, the following formula holds 

/ u{x) Jgf{x)dvol2n+i{x) = / ( / u{y) dvo\p{y) ] dt , (71) 

where p = 2n + 1 — k 

In the previous theorem the Heisenberg group is equipped with its left invariant 
Riemannian metric g. The terminology "Riemannian Lipschitz map" means that the 
map is Lipschitz with respect to the Riemannian distance. 

Proof of Theorem M. 'A We first prove (HJ in the case / is defined on all of H" and is 
of class C^. Let Q be an open subset of H". In view of Riemannian coarea formula 
(f7T|l . we have 

I u{x)Jgf{x)dx= I (I u{y)dYo\p{y)\dt, (72) 

Jo. JRfe \J f-^{t)nvi J 

where u : J7 — > [0, +oo] is a measurable function. Note that in the left hand side of 
(|72|) we have used the Lebesgue measure in that, by Proposition 12. 7( it coincides with 
the volume measure expressed in terms of standard coordinates, namely F^{C'^'^~^^) = 
vol2n+i- Now we define 

u{x) = JHf{x)l{jf^o}nn{x)/Jf{x) 
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and use ((7^ . obtaining 



Jjj-/(x)l{j/^ 0}(x) 

f-Ht)nn Jf{x) 



Jnfix) dx = I { I \}':r dvolp(y) dt. (73) 



The validity of (|72() also implies that for a.e. t G the set of points of / ^{i) where 
Jgf vanishes is volp-negligible, then the previous formula becomes 

JHf{x) dx= [ If ^jj^ dvolp(y) 1 dt. (74) 

By classical Sard's theorem and Theorem 14.11 for a.e. t € M*"' the submanifold 
f~^{t) has (Sg[^^-negligible characteristic points, hence Proposition 13.21 implies that 

Ct = {yef-Ht)nn\JHf{y) = 0} 

is <S^t^^-negligible. As a result, from formulae ()22|) and ((3) we have proved that for 
a.e. t gM.^ the equalities 



JhKx 



I dvoipiy) = s^t\f-\t) nn\Ct) = s^t\f-\t) n n) 



lf-Ht)nn Jgf{x) 
hold, therefore ((71)) yields 

jHf{x)dx= [ s^1;\j-Ht)nn)dt. (75) 



The arbitrary choice of yields the validity of (|75() also for arbitrary closed sets. 
Then, approximation of measurable sets by closed ones, Borel regularity of and 
the coarea estimate 2.10.25 of extend the validity of (|75|1 to the following one 

/ JHf{x)dx= [ SP,t\f-Ht) n A)dt, (76) 

where A is a measurable subset of H". Now we consider the general case, where 
/ : A — > M'^ is a Lipschitz map defined on a measurable bounded subset A of H^. 
Let /i : H" — > M'^ be a Lipschitz extension of /, namely, = / holds. Due to 
the Whitney extension theorem (see for instance 3.1.15 of 0) for every arbitrarily 
fixed e > there exists a function /2 : H"' — > M'^ such that the open subset 
O = {z G I fi{z) 7^ f2{z)} has Lebesgue measure less than or equal to e. We wish 
to prove 

/ JHf{x)dx- [ S^t\rHt) n A)dt < [ JHf{x)dx 

J A JRft J Ar\0 

+ / S^'^r.\r\t)^A^^O)dt. (77) 

7r* 
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In fact, due to the validity of ()76() for mappings, we have 

/ JHf2ix)dx= [ s^t\f2\t)nA\0)dt. 

J A\0 JR'= 

Note here that the horizontal jacobian Jfjf is well defined on A, in that df is well de- 
fined at density points of the domain, see for instance Definition 7 and Proposition 2.2 
of ^7]. The equality f2\A\o — f\A\o implies that = Juf a-e. on A\0, therefore 



JHf{x)dx= I s^^\r\t)nA\o)dt 



IA\0 

holds and inequality (|77j) is proved. Now we observe that for a.e. x G A, we have 

k . 2n . 1/2 

i=l ^j=l ^ 

therefore the estimate 

Jufix) < Lip(/)^ (78) 

holds for a.e. x ^ A. By virtue of the general coarea inequality 2.10.25 of |5] there 
exists a dimensional constant ci > such that 

[ S^t\rHt)nAnO)dt<ciUp{f)'"H^^+\0). (79) 

The fact that the 2n + 2-dimensional Hausdorff measure 7-^2"+^ with respect to the 
homogeneous distance p is proportional to the Lebesgue measure, gives us a constant 
C2 > such that 

/ S^t'irHt) nAn 0)dt < C2 Lip(/)'= C^^+\0) < U^iff e. (80) 
Thus, estimates ((7H|) and (|8U() joined with inequality (|77|) yield 



JHf{x)dx- / s^t\rHt) n A)dt 

Letting e ^ 0"*", we have proved that 



< (l + C2)Lip(/)'=e. 



/ JHf{x)dx= [ SP^.\f-\t) n A)dt. (81) 
J A JW^ 

Finally, utilizing increasing sequences of step functions pointwise converging to u and 
applying Beppo Levi convergence theorem the proof of Q is achieved in the case A is 
bounded. If A is not bounded, then one can take the limit of (jlj where A is replaced 
by j4fc and {A^} is an increasing sequence of measurable bounded sets whose union 
yields A. Then the Beppo Levi convergence theorem concludes the proof. □ 
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Remark 5.2 Notice that once / : A — > M^' in the previous theorem is considered 
with respect to standard coordinates it is easy to check that the locaUy Lipschitz 
property with respect to the Euclidean distance of R^'*''"^ is equivalent to the locally 
Lipschitz property with respect to the Riemannian distance. 
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